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We reexamine the approximationsfor amplitude vectors of steady-state waves in framed structures as reported
previously by Pao et al. (Pao, Y. H., Howard, S. M., and Keh, D. C., “Dynamic Response and Wave Propagation
in Plane Trusses and Frames,” AIAA Journal, Vol. 37, No. 5, 1999, pp. 594–603). The arrival and departure wave
vectors have been determined exactly in the reverberation-ray matrix from the joint condition of the structure
and the phase relation between them within each member. In the approximationsthe departure vector is obtained
by truncating an in� nite power series of reverberation-ray matrix to a polynomial of N degree. The arrival
vector is given by another polynomial of N degree if it is calculated from the phase relation as in a previous
paper, but by polynomials of (N ¡ 1) degree if calculated from the joint conditions as in this study. The newly
found set of approximation is preferred to the previous one as it satis� es the causal condition as well as the joint
conditions in successive orders of approximation. The differences between these two solutions are, however, very
small numerically for large orders of N.

Nomenclature
A = arrival response phase matrix
a = exact solution of arrival wave vector
a.N / = N th-order approximation of the arrival wave vector
D = departure response phase matrix
d = exact solution of departure wave vector
d.N / = N th-order approximation of the departure wave vector
k = wave number
N = times of the reverberation
P = phase matrix
R = reverberation-raymatrix
S = scattering matrix
s = source wave vector
U = permutation matrix
u = transient response for the entire structure
Ou = steady-state response for the entire structure
OuA = transient response with solution A
OuB = transient response with solution B

I. Introduction

I N two previouspapers1;2 the method of reverberation-raymatrix
has been proposed to analyze the dynamic responses of framed

structure.The steady-statewaves for the axial and � exuralmotionof
each structuralmember are expressedby two sets of wave functions
in different local coordinate systems. Each set is composed of an
arrival wave vector a and departure wave vector d, moving toward
and away from the jointsof the structure,respectively.The unknown
amplitudesa and d are determined from two conditions:1) the joint
condition, which is a balance of forces and moments at each joint
for all connected members and compatibility of the displacements
at the joint, and 2) the phase relation, which consists of equations
relatingthe arrival and departurewaves in each member. From these
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two conditions d is determined as [I ¡ R]¡1s, where a is calculated
from condition 2 for the phase relation.

To avoid the singularityin the numericalevaluationof the inverse
Fourier transform for transient wave, the matrix [I ¡ R]¡1s is ex-
panded into a power series of R and then truncated at term of RN .
The departure wave vector is then approximated by d.N /, a polyno-
mial of N degree, and the arrival wave vector is approximated by
a.N / , another polynomial of N degree. Dynamic strains over a long
time period in each member of a laboratory truss were calculated
and compared favorably with experimental data.1;2

Recently, in attempt to evaluate the de� ection of a structure, the
authors tried to calculate the approximatevalue of arrival wave vec-
tor from the joint condition 1), d being approximated by d.N /, and
found theapproximatevalue fora shouldbe a.N ¡ 1/ (a polynomialof
N ¡ 1 terms), instead of a.N / . To show the differenceand to trace the
possiblesourceof discrepancy,we summarize in the next section the
mathematical procedure in Ref. 2 that leads to the approximation
[a.N /; d.N /], called the solution A. In Sec. III we derive the solu-
tion [a.N ¡ 1/; d.N /], called the solution B , and compare these two
solutions step by step in the derivations.

Finally, in Sec. IV we discuss the newly found physical impli-
cation of condition 2) for the phase relation, which is actually a
condition of causality,3 that is, the effect cannot precede the cause.
Based on this causal condition, we show that the departure wave
vector in one set of local coordinate must precede the arrival wave
vector in other local coordinate within the same member even for
steady-state waves. Furthermore, we � nd that solution B in suc-
cessive order of approximation satis� es the conditions at more and
more joints away from the source points, whereas solution A does
not.The solution B of each order,however,differsonly slightlyfrom
the solution A of the same order for large order of approximation.
This is demonstrated by the numerical examples.

II. Transient and Steady-State Response of Structure
Consider a planar structure as shown in Fig. 1 that represents the

model structure used in Refs. 1 and 2. The two-dimensional frame
is composed of m number (D 17) of structural members at which
are connectedat n.D 10) joints with pinnedor rigid connectors.The
structureis subject to dynamic loadsof time function f .t/ appliedat
one or many joints. Let the Fourier-transformedcomponentof axial
displacementbe denoted by Ou JK , that of transversedisplacementbe
OÀ JK , and that of angle of rotationbe OÁ JK in each member with local
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Fig. 1 Geometry of a planar structure with dynamic loading of time
function f((t)).

axis x JK from the joint J to joint K [Eq. (2) in Ref. 2]. The steady-
state axial and � exural responses in the member JK, corresponding
to the Fourier-transformedimpulse response caused by a delta time
input function, are expressed in matrix form as
2
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[which is derived from Eqs. (6a) and (8–10) in Ref. 2; superscripts
JK are omitted]. In the matrix equation k JK

1 is the wave number
for axial displacement,k JK

2;3 are the wave numbers for the transverse
displacement and the rotational angle of the � exural wave respec-
tively, a JK

1;2;3 are the unknown amplitudesof the waves arrivingat the
joint J , and d JK

1;2;3 are those departing from the same joint J . The
preceding matrix equation can be written compactly as

OuJK .x; !/ D AJK .kx/aJK .!/ C DJK .kx/dJK .!/ (1)

Corresponding to the local axis x KJ from the joints K to J , there
is another expression for the steady-state wave OuKJ in the same
member as

OuKJ .x; !/ D AKJ .kx/aKJ .!/ C DKJ .kx/dKJ .!/ (2)

Stacking up the displacementvectorsand the local arrival (depar-
ture)wavevectorsof allmembers,we obtaintheglobaldisplacement
vector for the entire structure in steady-state response as

Ou.x; !/ D A.kx/a.!/ C D.kx/d.!/ (3)

where a and d are named the global arrival and departurevectors re-
spectivelyin papers.1;2 The squarematricesA andD will be calledar-
rival and departure responsephase matrices. The transient response
of the structurefor the loadingwith a causal time function f .t/, that
is, [ f .t/ D 0 for t < 0] is then given by

u.x; t/ D 1

2¼

Z 1

¡1

Of .!/ Ou.x; !/ei!t d! (4)

where Of .!/ is the one-sided Fourier transform of f .t/.
In the solution given by Eq. (3) or Eq. (4), the unknowns a and

d are determined from two conditions: 1) the joint condition of the
structureand2) the phaserelationbetweena and d withineachmem-
ber. The joint conditionsspecify the balancesof forcesand moments
of all members collected at the joints and compatibility conditions
of all displacementsat the same joints.2 The � nal answer is

d D Sa C s (5)

[which is also Eq. (8) in Ref. 1 and Eq. (16) in Ref. 2]. S is the
scattering matrix relating a to d, and s is the source wave vector in
all members generatedby the applied loads at joints for f .t/ D ±.t/.
This is a system of 6m equations for two sets of unknowns a and
d, each with 6m elements. This system must be supplemented by
another set of 6m equations in order to determine 12m unknowns.

The supplementary equations are provided by the condition 2)
phaserelation.This conditionis basedon theobservationsofEqs. (1)
and (2) that theelementaJK in thecolumnmatrixofa differsfrom the
element dKJ in the column matrix of Qd only by a phase factor ¡e¡ikl ,
where ` is the length of the corresponding member. In global form
thisconditionof phasecorrelationgivesrise to another6m equations
of the following matrix form:

a D P.k; l/ Qd

D P.k; l/Ud (6)

[which are also Eqs. (13), (14) in Ref. 1 and Eq. (20) in Ref. 2],where
P.k; l/ is the diagonal phase matrix with elements ¡e¡ikl and U is
the unit permutation matrix relating the two column matrices, with
d containing the elements d JK and Qd containing the elements dKJ .

Solving the preceding two equations simultaneously, one � nds
the solutions for d:

d D .I ¡ R/¡1s (7)

[which are also Eq. (17) in Ref. 1 and Eq. (22) in Ref. 2], where
R D SPU is called reverberation-ray matrix for the structure. Sub-
stituting the preceding solution into Eq. (6) and the solutions for d
and a so determined into Eq. (3), we obtain the steady-statesolution
for the entire structure:

Ou.x; !/ D [A.kx/PU C D.kx/]d

D .APU C D/.I ¡ R/¡1s (8)

The transient wave solution is then obtained by carrying out the
inverse Fourier transform in Eq. (4).

To avoid the singularity of the matrix .I ¡ R/¡1 in the inverse
transform, the matrix is expanded into power series (Newman
series), such as

d D .I ¡ R/¡1s D .I C R C R2 C ¢ ¢ ¢ C RN C ¢ ¢ ¢/s

a D PU.I ¡ R/¡1s D PU.I C R C R2 C ¢ ¢ ¢ C RN C ¢ ¢ ¢/s (9)

The integration in Eq. (4) can then be evaluated numerically term
by term with the fast Fourier transform algorithm.

In the actual calculations for various dynamic responses showed
in paper,1 the in� nite series is truncated to a � nite sum according to
the orders of approximation.Let the truncated series be represented
by the polynomials of power N .N C 1 terms), which is designated
as the N th-order approximation of the departing wave vector d.N /:

d ¼ d.N / ´ .I C R C R2 C ¢ ¢ ¢ C RN /s; N D 0; 1; 2 : : : (10)

The arrival wave vector is then approximatedby another polynomi-
als of N C 1 terms a.N /:

a ¼ PU.I C R C R2 C ¢ ¢ ¢ C RN/s ´ a.N /.D aA/ (11)

The N th-order approximation for the steady-state displacement Ou
in Eq. (8) is thus given by

Ou.N /

A .x; !/ D Aa.N / C Dd.N /

D .APU C D/.I C R C R2 C ¢ ¢ ¢ C RN /s (12)

The transient wave varied up to preset time is � nally obtained by
substituting Ou.N /

A into Eq. (4). For the purpose of comparison with
the alternativesolution,we designatethe result of Eqs. (11) and (12)
as solution A marked by the subscript A.
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III. Alternative Solution
The mathematical analysis and solution up to Eq. (9) are ex-

act, and the approximations in Eqs. (10–12) are reasonable. The
solution A given by Eq. (12) formed the basis for calculating dy-
namic responsesof planarstructures.2 As an exercise,the � rst author
of this paper applied solution A to analyze the axial and � exural
waves in a simply supported beam, generated by a concentrated
force of delta function in time applied at any point in the beam.
For searching a simple structure, the scattering matrix and the re-
verberation matrix are derived analytically, and the de� ections at
hinged and roller supported ends were found to be different from
zero for � rst few orders approximation. The author then searched
for an alternative solution by substituting the truncated series d.N /

of Eq. (10) into Eq. (5) and found that the arrival vector a should be
approximated by different polynomials:

a D S¡1.d ¡ s/

¼ S¡1.R C R2 C ¢ ¢ ¢ C RN /s (13)

Because S¡1R D PU, the preceding polynomial of N terms is de-
� ned as a.N ¡ 1/ in Eq. (7), and the alternativeapproximationis given
by

a ¼ PU.I C R C ¢ ¢ ¢ C RN ¡ 1/ ´ a.N ¡ 1/.D aB / (14)

The N th-order approximation for Ou in Eq. (8) is thus changed to

Ou.N /

B .x; !/ D APUa.N ¡ 1/ C Dd.N / (15)

The � rst termof theprecedingsolutiondiffersfromthatof solution A
in Eq. (12). We thus have inserted the subscript B to designate it as
solution B.

To � nd an answer to the dilemma of twin solutions, we com-
pare � rst the analytical expressions of Eq. (13) with those of
Eq. (6) as they appear to be different.By substitutingd D .I ¡ R/¡1s
in Eq. (7) into both expressions and making use the identity
.I ¡ R/¡1 D R.I ¡ R/¡1R¡1 because R and .I ¡ R/ are commuta-
tive, we � nd

a D S¡1.I ¡ R/¡1Rs

D PU.I ¡ R/¡1s

D PUd (16)

The two analyticalexpressions,different in appearance,are actually
equal.

Next, we substitute the in� nite Newman series expansion of d in
Eq. (9) into Eq. (5) and obtain

a D S¡1.R C R2 C ¢ ¢ ¢ C RN C ¢ ¢ ¢/s

D PU.I C R C ¢ ¢ ¢ C RN ¡ 1 C ¢ ¢ ¢/s (17)

This expression is identical to that for a in Eq. (9). If the in� nite
series is truncated to N th at this stage (N C 1 terms), we recover the
approximation a.N / of solution A.

In summary, we have employed two procedures to evaluate the
wave vector a from the known solution d in Eq. (9). The � rst proce-
dure is to substituted into Eq. (6) based on condition2 as discussed
in the preceding section, and the second procedure is to substitute
it into Eq. (5) based on condition 1 as discussed in this section.
There is no difference between these two solutions in analytical
form, or in the form of in� nite Newman series. There is also no dif-
ference between the two approximate solutions if the in� nite series
for d and that for a are truncated to the same order simultaneously.
The two approximate solutions differ, however, if the in� nite series
for d is truncated � rst to d.N / , which is then used to calculate the

approximate value for a. The remaining question is which one of
these two solutions we should use in the future.

IV. Condition of Causality and Joint Conditions
In the process of tracking down the source of differencebetween

solution A and solution B, we have come to realize that the phase
relation, Eq. (6), implies a physical condition of causality, that is,
the effect cannot precede the cause.3 To see this, we return to the
setting up of the wave solutions of Eqs. (1) and (2) in two dif-
ferent local coordinate systems. They represent the same wave in
member JK generated by a loading with harmonic time function
f .t/ D ei!t .¡1 < t < 1/. There is no causal relation between the
sinusoidal loading (source) and the harmonic wave in either coor-
dinate (response). There is also no cause–effect relation between a
and d when they are expressed in the same local coordinate system.
The reason is that both arrival and departure waves are generated
long before t D 0, and an observer at given time could not distin-
guish which one comes � rst. The global form of the steady-state
waves, Ou.x; !/ in Eq. (3), is still noncausal in time, but the tran-
sient response, u.x; t/ in Eq. (4), is causal because f .t/ is assumed
causal. It means that the transient response (effect) cannot precede
the suddenly applied loading (cause) in the structure.

As soon as the two sets of steady-statewave functions in different
local coordinates are connected by Eq. (6), the sequential order for
a and d is established. This is seen by restoring the phase factor to
Eq. (6) for the waves in the member JK given by Eqs. (1) and (2):

a JK
q .!/ei!.t C x JK =cq / D ¡d KJ

q .!/e¡ikq x KJ
ei!t ; q D 1; 2; 3; : : :

(18)

This means the wave arriving at section x JK toward joint J in one
local coordinate is the same as the wave at section x KJ departing
from joint K in anothercoordinate;the negative sign in the equation
indicatestwo displacementsat theoppositesidesof the samesection.
Because x KJ D l JK ¡ x JK , the preceding relation is simpli� ed to

aJK .!/ei!t D ¡dKJ .!/ei!.t ¡ l JK =c/ (19)

where the common factorei!x JK =cq has been eliminated.The preced-
ing equation states that the arrival wave a at time t is the same as the
departure wave d from joint K at time t ¡ l JK =c, and the departure
wave d in one set of coordinateprecedes the arrival wave in another
set. This sequential order is another form of causal condition for
the departure wave vector Qd (cause) and the arrival wave vector a
(effect).

Once Eq. (6) is understood to be a condition of causality, we
reexamine Eq. (5) in global form, which is the stacking of local
scattering equations at all joints J :

d J D SJ aJ C sJ (20)

[which is Eq. (15) in Ref. 2]. The preceding equation is in reality
the consequence of applying the common boundary conditions for
all wave equations in members JK, JL, : : : connected at the joint
J . These boundary conditions, and hence Eqs. (20) or (5), must be
satis� ed for all waves passing through the joint at time t . Therefore,
we are inclined to selectEq. (5) for calculatingthe amplitudea from
the amplitude d as in the second procedure according to the causal
condition. We note, however, that the result based on the selection
of Eq. (6) as in � rst procedure is still correct so long as the exact
matrix solutions are used. We thus proceed further to examine in
detail the approximate solutions of the two procedures.

To make the � nalchoice,we compare� rst the lower-orderapprox-
imations of both. From Eq. (12) we � nd the approximate solutions
in successive orders of solution A:

Ou.0/

A D Aa.0/ C Dd.0/

Ou.1/

A D Aa.1/ C Dd.1/

Ou.2/

A D Aa.2/ C Dd.2/

: : : (21)
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The corresponding orders of approximation of solution B as given
in Eq. (15) are

Ou.0/

B D 0 C Dd.0/

Ou.1/

B D Aa.0/ C Dd.1/

Ou.2/

B D Aa.1/ C Dd.2/

: : : (22)

In both solutions we have d.0/ D Is and a.0/ D PUIs; d.1/ D
.I C R/s D d.0/ C Rs and a.1/ D PUd.1/; d.2/ D .I C R C R2/s D
d.1/ C R2s and a.2/ D PUd.2/; and so on.

In the zeroth-orderapproximations,the solution Ou.0/

B containsonly
the term of d.0/, which represents the source waves departing in
all members from all loaded joints. This means that the solution
Ou.0/ D Ou.0/

B D Dd.0/ satis� es the boundary conditions of the source
joints, which are the zeroth-orderapproximation of the joint condi-
tions for the entire structure,that is, Ou.0/

B satis� es the joint conditions
at the source points only. On the other hand, the solution Ou.0/

A in
Eq. (21) contains both terms of d.0/ and a.0/ , the latter represent-
ing the arrival of the source waves at the neighboring joints. The
sum of these two terms does not satisfy the same zeroth-order joint
condition. Besides, d.0/ and a.0/ proceed simultaneously,which vi-
olates the condition of causality. The error of Ou.0/

A could, however,
be compensated by adding the term of DRs, which is a part of the
next order approximation [DRs D D.d.1/ ¡ d .0//].

In the � rst-order approximations the solution Ou.1/

B contains the
terms d.1/ and a.0/. At a given time the arrival of the a.0/ wave is
accompanied by the part of Rs in d.1/ , and together they satisfy
the boundary condition at the neighboring joints. The sum of two
terms satis� es the � rst-order joint conditions, that is, the boundary
conditions at the source joints and one ring of neighboring joints
surrounding the source. However, the solution A of Ou.1/

A in Eq. (21)
does not satisfy either one.

Fig. 2 Vertical displacement of joint 1 as calculated from axial displacement of member 1-2 by two procedures: ——, solutionA; and - - - -, solution B.

Continuing to the second-orderapproximations,we � nd that Ou.2/

B
satis� es the second-order joint conditions (the conditions at the
source joints and two rings of neighboringjoints). The solution Ou.2/

A
contains the extra part of PUR2s in a.2/ , which disturbs the balance
of boundary condition.

Next, we compare the N th-order approximations, the solution
Ou.N /

B in Eq. (15) satis� es the joint conditions at N rings of joints
surrounding the source points (the N th-order joint conditions) and
ful� lls the conditionof causality,but the solution Ou.N /

A does not. The
difference between these two solutions is given by the following
formula:

".N / D Ou.N /

A ¡ Ou.N /

B D AaA ¡ AaB

D A
£
a.N / ¡ a.N ¡ 1/

¤
D APURN s (23)

Because the norm of RN oscillates about a constant value as
N increases, the value of each element in column RN s is al-
ways less than that of the corresponding element in d.N ¡ 1/ D
.I C R C R2 C ¢ ¢ ¢ RN ¡ 1/s. As a result, the ratio of each element in
".N / to the corresponding element of d.N ¡ 1/ decreases rapidly as
N increases. Therefore, the difference between these two solutions
is very small for large order of N . Hence, the � nal choice should be
based on the accuracy of the lower-order approximation.

The lower-order (N < n/ solutions Ou.N /

B .x; !/ are very crude ap-
proximations for steady-state waves. The corresponding transient
waves solutions u.N /

B .x; t/ as derived in Eq. (4) are, however, very
accurate for the early time responses of the structure. This is seen
by noting that the order N corresponds to the number of joints that
have been passed by the source wave, and one can estimate the time
of � rst arrival tN of the fastest wave along the shortest path from
the source to a receiver. For loadings with causal time function of
f .t/, the transient wave u.N /

B .x; t/ is then the exact solution of the
structure from t D 0 to tN . This is precisely the reason for expanding
.I ¡ R/¡1 into power series within the framework of the theory of
generalized rays.4
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Fig. 3 Vertical displacement of joint 6 as calculated from axial displacement of member 6-5 by two procedures: ——, solutionA; and - - - -, solution B.

On thebasisof thenew� ndings,we haverecalculatedthedynamic
strains of the planar structurein Ref. 2 for N D 30 and � nd that there
are indeed differences between the two solutions. The numerical
differences, however, are so small that they could not be shown in
the scales of Figs. 2–10 of Ref. 2.

We have also calculated anew the de� ections at several joints of
the same structure shown in Fig. 1 by both procedures. A unit im-
pulsive force (delta function in time) is applied at joint 6, and the
vertical displacement at joints 1 and 6 is shown in Figs. 2 and 3, re-
spectively,with a solid line for u.N /

A .t/ and a dashed line for u.N /

B .t/.
The difference between solution A and solution B (N D 30) is no-
ticeable in Fig. 2, but the numerical values of both are nearly zero,
which is the exact answer at this joint. The values for solution A
(solid line) are less than 3 £ 10¡4 , and those for solution B (dashed
line) are of the order 10¡25. In Fig. 3 these two solutions differ so
little that the two lines coincide for the scale chosen.

V. Conclusions
In conclusion, we have found in this paper another set of ap-

proximate solutions for the arrival and departure wave vectors
[a.N ¡ 1/; d.N /] in Eqs. (10) and (14), which is based on Eq. (5) of
joint conditions. The arrival part, however, differs from the pre-
ceding approximation [a.N /; d.N /] in Eqs. (10) and (11) as done in
Ref. 2, which is based on Eq. (6) of phase relation. In addition, the
phase relation is shown to be a condition of causality for Qd and a of
two local coordinates, and d (cause) must precede a (effect) in the
same member.

Neither set of approximations satis� es both Eqs. (5) and (6)
concurrently, but the set [a.N ¡ 1/; d.N /] of solution B satis� es the
joint conditions approximately in successive orders as well as the

condition of causality. The solution B found in this paper is thus
preferred to the preceding one. The difference between these two
solutions is given by Eq. (23), and the numerical value decreases
rapidly as the order of N increases. Our conclusions are substanti-
ated by the numerical results discussed in the preceding section.
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